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Abstract

Classification and reconstruction of archaeological frag-
ments is based on the profile, which is the cross-section of
the fragment in the direction of the rotational axis of sym-
metry. In order to segment the profile into primitives like
rim, wall, and base, rules based on expert knowledge are
created. The input data for the estimation of the profile is
a set of points produced by the acquisition system. A func-
tion fitting this set is constructed and later on processed to
find the characteristic points necessary to classify the orig-
inal fragment. The one we propose is based on B-splines or
bell-shaped splines.

1 Introduction

A large number of ceramic fragments, called sherds, are
found at excavations (see Figure 1). These fragments are
documented by being photographed, measured, and drawn;
then they are classified and stored in boxes and containers.
The purpose of classification is to get a systematic view on
the excavation finds. As the conventional method for docu-
mentation is often unsatisfactory [9], we are developing an
automated archivation system with respect to archaeolog-
ical requirements [6], that tries to combine the traditional
archaeological classification with new techniques in order
to get an objective classification scheme.
A graphic documentation deviced by hand additionally

raises the possibility of errors. This leads to a lack of objec-
tivity in the documentation of the material found. To give an
example, a vessel was drawn by 2 different illustrators re-
sulting in two different vessels as shown in Figure 2. Note
the different shape and decoration, the rim and the thickness
for instance are significantly different.
Manual drawings like Figure 2b indicate the beginning
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and end of defined shape features by horizontal lines. The
left half of Figure 2b shows the shape features defined by ar-
chaeologists and a subdivision of the profile into intervals.
They depict the borders of certain parts of the vessel like
rim, wall, and base in this example. By classifying the parts
of the profile, the vessel is classified, missing parts may be
reconstructed with the expert knowledge of the archaeolo-
gist [13]. Segmentation of the profile is done for three rea-
sons: to complete the archive drawing, to classify the vessel
and to reconstruct missing profile parts.

Figure 1. Boxes filled with ceramics stored in
archives.

(a) (b)

Figure 2. Same vessel drawn by two different
illustrators.

Following this manual strategy, the profile should first be
segmented into its parts, the so-called primitives, automat-
ically. Our approach is a hierarchical segmentation of the
profile into rim, wall, and base by creating segmentation
rules based on expert knowledge of the archaeologists and
the curvature of the profile. The segments of the curve are

1051-4651/02 $17.00 (c)  2002 IEEE



divided by so called segmentation points. If there is a corner
point, that means a point where the curvature changes sig-
nificantly, the segmentation point is obvious. If there is no
corner point, the segmentation point has to be determined
mathematically.
The curve is characterized by several points. Figure 3

shows the segmentation scheme of an S-shaped vessel as
an example. A set of points is defined like,
inflexion point ((IP ): point, where the curvature changes
its sign;
local maximum (MA): point of vertical tangency;
local minimum (MI): point of vertical tangency;
orifice point (OP ): outermost point, where the profile line
touches the orifice plane;
base point (BP ): outermost point, where the profile line
touches the base plane;
point of the axis of rotation (RP ): point, where the profile
line touches the axis of rotation.

Figure 3. S-shaped vessel: profile segmenta-
tion scheme.

By means of these curve points several main segments of
a vessel are distinguished: rim, upper part, lower part, neck,
shoulder, belly and bottom. On the basis of the number and
characteristics of these segments different kinds of vessels
can be classified.

2 Automated Segmentation

The profile sections are achieved automatically by a 3D-
measurement system based on structured light and a two
laser-technique [7]. The profile determined has to be con-
verted into a parameterized curve [12, 5] and the curvature
has to be computed [2, 8]. Local changes in curvature [11]
are the basis for rules required for segmenting the profile.
Our formalized approach uses mathematical curves to

describe the shapes of the vessels and their parts. The pro-
file is thus converted into one or more mathematical curves.
We apply four methods for interpolation and four methods
for approximation byB-splines on the reconstruction of the

vessel profiles (i.e. the profiles are projected into the plane).

2.1 Interpolation by Cubic Splines

The following definitions were adopted from [4]. We
suppose that the planar closed curve r to be fitted (inter-
polated or approximated) will be represented by parametric
equations

r(t) = [x(t);y(t)] (1)

in an interval in the Cartesian coordinates of R2 and has
continuous second derivatives. The curve is given by a set
of points Pi = [x(t); y(t)] together with the non decreas-
ing sequence of knots fti; i = 1; : : : ; n + 1g of parame-
ter t. Constructing a curve S(t), which approximates the
function given by the points can be done by a cubic spline
with an adequate parametrization and external conditions.
The curvemust be initially divided into sub-intervals, where
functional approximation and interpolation methods can be
applied.
The support of a cubic spline is 5 intervals. Denote by

B4
i an k�th order spline (k � 3) whose support is [ti; ti+4].

Then, it is possible to normalize these splines so that for any
x 2 [a; b]

n+3X

i=�3

B4
i (x) = 1 (2)

Any cubic spline Sn(x) with knots t0; : : : ; tn and coef-
ficients a

�3; a�2; : : : ; an can be written in the form

Sn(x) =

nX

i=�3

aiB
4
i (x) (3)

There are n + 3 coefficients ai in representation (3)
showing that the vector space of cubic splines has dimen-
sion n + 3, so that the n + 1 functional values will not de-
termine Sn(x) uniquely - two additional constraints must
be supplied. Cardinality of the basis has been sacrificed for
small support in the basis. Consequently, in evaluating S(x)
for any x 2 [a; b], only four terms at most in the sum (3) will
be non-zero.
The basis cubic splines can be constructed by the follow-

ing recurrent relationship:

Bn
i (x) =

x� ti

ti+n�1 � ti
Bn�1

i (x) +
ti+n � x

ti+n � ti+1
Bn�1

i+1 (x);

(4)
i = �3; : : : n� 1 and n = 1; 2; 3; 4. A useful convention is
to define the first-order splines as right-continuous so that

B1
i (x) = Æi for x 2 [ti; ti+1); i = �3;�2; : : : ; n+ 3;

(5)
The method is of local character: the change of the po-

sition of one control vertex influences only 4 segments of
the curve. The resulting curve is in particular coordinates
a polynomial of 3 � rd degree for t 2 (tj ; tj+1) and has
continuous all derivatives in these coordinates.
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Since Bn
i (x) is nonzero only on the interval [ti; ti+4],

the linear system for the B-spline coefficients of the spline
to be determined, by interpolation or least-squares approxi-
mation, is banded, making the solving of that linear system
particularly easy.

S4(xj) =
nX

i=0

B4
i (xj)ai = yj ; j = 0; : : : ; n (6)

for the unknownB� spline coefficients ai in which each
equation has at most 4 nonzero entries.
We selected four interpolation methods:

a) Cubic spline interpolation with Lagrange end-
conditions (cs1) (i.e. it matches end slopes to the slope
of the cubic that matches the first four data at the re-
spective end);

b) Cubic spline interpolation with not-a-knot end-
condition (cs2);

c) Spline interpolation with an acceptable knot sequence
(cs3);

d) Spline interpolation with an optimal knot distribution
(cs4). As ’optimal’ knot sequence the optimal recov-
ery theory of Micchelli, Rivlin and Winograd [3] is
used for interpolation at data points �(1); : : : ; �(n) by
splines of order k;

All the discussed interpolation methods satisfy the
Schoenberg-Whithey conditions, i.e. the achieved represen-
tation is for the method, the given data and knot sequences
unique. These methods were applied to each of the intervals
of the curve, and compared from the point of view of their
approximation error (least mean square of the differences of
the input value and the spline value) on the given data.
We made a surprising observation: Spline interpolation

with an acceptable knot sequence in all intervals of all pro-
files approximated the data with a smaller error than spline
interpolation with optimal knot distribution.
We select an ’optimal’ method according to the follow-

ing criteria: The first criterion for selection of the most ap-
propriate interpolation method is the minimal approxima-
tion error on the data in the corresponding interval. To ex-
clude ambiguity, the second criterion is applied: minimal
length of the knot sequence corresponding to the method.
To further exclude ambiguity, the third criterion is applied:
the priority of the interpolation method based on the statisti-
cal observations. The priority of the methods was achieved
experimentally on profiles and their particular intervals and
expresses a ’statistical’ ordering according to the smallest
approximation error over all intervals of the tested profiles.

2.2 Approximation by Cubic B-Splines

Since in the task being solved, the amount of data pairs
acquired to describe a vessel or its parts do not always suf-

fice to represent the shape of the vessel reliably, interpo-
lation does not have to be always the appropriate method.
From this reason, we compared the approximation methods
on representing the overall shape of the whole curve with
respect to the interpolation methods.
The following approximation methods were applied and

compared:

a) Cubic smoothing spline with the smoothing parameter
p > 0 (cs5);

b) Smoothing spline with the smoothing parameter tol >
0 (cs6);

c) Least squares spline approximation with the number of
knots equal to a half of the amount of the data (cs7);

d) Least squares approximation with the number of knots
equal to the number of data - degree of the spline in the
particular interval, (cs8);

3 Results

When the most appropriate interpolation and approxi-
mation methods are computed and selected for each of the
intervals of the curve, the method with a smaller error (in
case of ambiguity, the interpolation method is preferred) is
selected for the interval. The approximation error of the
representation over the whole curve is computed. This rep-
resentation is unique and optimal with respect to the above-
mentioned criteria. The method was tested on profiles like
shown in Figure 4.

Figure 4. Profiles of different fragments.

All interpolation and approximation methods are applied
for every sub-interval of the curve after each run of the
program. While the curve is generated gradually for each
sub-interval of the curve, the overall approximation error is
computed. As a result the profile is constructed from the
selected methods and is compared to the data set. Table
1 displays the approximation errors for all methods in all
intervals of the leftmost profile in Figure 4, including the
selected interpolation and approximation methods for the
corresponding interval and the selected overall method for
the whole profile. The whole data sets contained approx-
imately 350 data points and the length of the whole curve
was approximately 400 points.
The most frequently selected interpolation method was

cs1 and the most frequently selected approximation method
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was cs6 in our experiments. An interpolation method was
preferred in the intervals, where a sufficient number of data
with respect to the length of the interval was given. An ap-
proximation method was preferred in the intervals, where
there was a lack of data. Figure 5 right half shows one ex-
ample of an automatically segmented pot with the charac-
teristic points detected and the appropriate manual segmen-
tation on the left of Figure 5 .

method = interv. 1 2 3 4
cs1 0.2163 0 0.6047 0.0781
cs2 0.2163 0 0.5994 0.0782
cs3 0.2163 0 0.5994 0.0782
cs4 0.2163 0.6169 2.1080 0.0877
cs5 (tol = 5) 0.2163 2.3114 0.5994 1.1816
cs6 (p = 1) 0.1350 0 0.6229 0.07812
cs7 0.2163 5.9470 5.5298 0.5015
cs8 0.2163 0.0032 0.6014 0.1308
select. intp. 1 1 2 1
select. appr. 6 6 5 6
overall select. 6 1 2 1

method = interv. 5 6 7 8
cs1 1.1685 2.2497 1.1424 0.0884
cs2 1.1686 2.2514 0.1433 0.0884
cs3 1.1686 2.2514 0.1430 0.0883
cs4 1.4510 2.3485 0.1615 0.0991
cs5 (tol = 5) 2.9430 2.2514 2.2073 0.0884
cs6 (p = 1) 1.1687 2.2496 0.1646 0.0884
cs7 6.9127 6.2323 0.8617 1.0675
cs8 1.1850 3.8347 0.1430 0.2551
select. intp. 1 1 1 1
select. appr. 6 6 8 6
overall select. 1 6 1 6

Table 1. Approximation errors for all methods
in all intervals.

4 Conclusion and Outlook

The method presented for selection of an ’optimal’ rep-
resentation (optimal with respect to the considered methods
and selection criteria) of a 2-dim profile of an archaeologi-
cal fragment computes and displays a unique solution. The
achieved fragment representations, the first part of an auto-
mated system for classification of archaeological fragments,
are the input of the second part, the classification.
The profile parts, the so-called profile primitives, are

used to perform the classification. The segmentation (divi-
sion) into primitives depends on the orientation of the frag-
ment. In order to achieve a unique representation, it is im-
portant to set a unique orientation for all fragments. The
classification will be solved in the high dimensional real
space and therefore the uniqueness and the high precision
of the profile representation are very important.

(a) (b)

Figure 5. classified pot, (a) manual drawing,
(b) detected characteristic points for primitive
classification.

The method has been tested on synthetic and real data
with good results. The current task is to meet the archaeo-
logical requirements as for the achieved representation.
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